Direct numerical simulations of subcritical rotating, stratified and magnetohydrodynamic wall-bounded flows are performed in large computational domains, focusing on parameters where laminar and turbulent flow can stably coexist. In most cases, a regime of large-scale oblique laminar-turbulent patterns is identified at the onset of transition, as in the case of pure shear flows. The current study indicates that this oblique regime can be shifted up to large values of the Reynolds number Re by increasing the damping by the Coriolis, buoyancy or Lorentz force. We show evidence for this phenomenon in three distinct flow cases: plane Couette flow with spanwise cyclonic rotation, plane magnetohydrodynamic channel flow with a spanwise or wall-normal magnetic field, and open channel flow under stable stratification. Nearwall turbulence structures inside the turbulent patterns are invariably found to scale in terms of viscous wall units as in the fully turbulent case, while the patterns themselves remain large-scale with a trend towards shorter wavelength for increasing Re. Two distinct regimes are identified: at low Reynolds numbers the patterns extend from one wall to the other, while at large Reynolds number they are confined to the near-wall regions and the patterns on both channel sides are uncorrelated, the core of the flow being highly turbulent without any dominant large-scale structure.
Introduction
Transition to turbulence in wall-bounded flows is described as subcritical when it occurs in the absence of linear instability of the laminar base flow. Effective transition in that case requires triggering by finite-amplitude perturbations, which can lead to hysteretic dynamics. A typical property of subcritical transitional regimes in extended domains is that phase-space cohabitation of the two stable states (laminar and turbulent) translates into a spatial coexistence of the two corresponding phases. For instance, spatial contamination by the turbulent phase is known to occur through the growth of localized coherent structures referred to in plane shear flows as turbulent spots (Emmons 1951) , and in pipe flow as slugs (Wygnanski & Champagne 1973) .
Many experimental and numerical studies have demonstrated that extended laminar and turbulent regions can stably coexist in wall-bounded flows. Typically this G. Brethouwer, Y. Duguet and P. Schlatter coexistence is found within the parameter range delimiting the onset of sustained turbulent motion. Historically, this phenomenon was first reported in the early experiments of Reynolds (1883) , who reported 'flashes' (now called 'puffs') of turbulence. It was later observed in Taylor-Couette flow when the outer and inner cylinders driving the flow are in counter-rotation (Coles 1965; Van Atta 1966; Andereck, Lui & Swinney 1986; Colovas & Andereck 1997) . When the curvature of the cylinders is small enough, transition becomes subcritical and irregular coexistence evolves into a true laminar-turbulent pattern with well-defined wavelengths (Prigent 2001; Meseguer et al. 2009; Dong & Zheng 2011) . A striking yet still unexplained feature of the pattern is its obliqueness with respect to the direction of the mean flow, resulting in interlaced helical-shaped turbulent and laminar regions within a bounded parameter range.
When the curvature of the Taylor-Couette system approaches zero, one recovers the flow sheared between two parallel flat plates, i.e. plane Couette flow, which is known to be linearly stable for all parameters (Romanov 1973) . Plane Couette flow experiments in large domains have been carried out by Prigent (2001) , showing alternate turbulent and laminar bands with an oblique orientation to the flow direction for 323 < Re < 420 (verified numerically by Duguet, Schlatter & Henningson 2010 and Philip & . The Reynolds number is defined as Re = U w h/ν, with ±U w the velocity of the two walls, h the half-gap between the walls and ν the kinematic viscosity of the fluid. Simulations of plane Poiseuille flow (Tsukahara et al. 2005; Fukudome, Iida & Nagano 2009 ) have also shown evidence for patterns as soon as the computational domain is large enough to accommodate them, which was later verified by experiments (Hashimoto et al. 2009 ). These patterns are again oblique with respect to the mean flow direction and were identified in the parameter range Re τ = u τ h/ν 60-80, with u τ denoting the mean friction velocity and h again the channel half-gap.
The recently expanding body of work on laminar-turbulent patterns in plane Couette flow has suggested so far the following phenomenology, conjectured to be general to all subcritical wall flows in the absence of finite-size effects (Barkley & Tuckerman 2007; Philip & Manneville 2011) : let R be a governing parameter controlling the ratio between inertial and viscous effects (typically any relevant definition of a Reynolds number). The onset of transition is characterized by two values of R, denoted R g and R t (R g < R t ). Below R g , the flow inevitably returns to the homogeneously laminar state, whereas above R t , turbulence (once triggered) can sustain throughout the whole domain. In the interval [R g : R t ], the preferred statistical equilibrium is characterized by a clear spatial coexistence of laminar and turbulent flow. For R sufficiently close to R g but above it, oblique patterns appear as sustained states, and we will refer to this regime as the 'pattern regime'. Below, yet sufficiently close to R t , competition between various admissible patterns leads to a regime of spatiotemporal intermittency (Prigent et al. 2002; Barkley & Tuckerman 2005; Rolland & Manneville 2011; Tuckerman & Barkley 2011) , involving local nucleation, interaction and propagation of defects within the associated pattern. This intermittent regime lies in a range [R int : R t ], with R g < R int < R t ; however it is still unclear whether R int is a well-marked threshold or not. The equilibrium fraction of turbulent flow in the domain monotonically grows from a finite value at R g , continuously towards unity near R t , suggesting a thermodynamical analogy with discontinuous (respectively continuous) phase transitions at R g (respectively R t ).
The parameter range for the existence of laminar-turbulent patterns is several orders of magnitude below the values of Re encountered in most industrial, geophysical or astrophysical applications. Few investigations so far have tackled the case of subcritical wall-bounded flow in the presence of additional external forces. The kind of external forces we are interested in corresponds to forces with a tendency to damp turbulent fluctuations, thus delaying the onset of transition from a partly turbulent to a fully laminar or turbulent regime to larger values of Re. The aim of this investigation is: (i) to demonstrate that the above phenomenology is more common and holds for other cases of subcritical wall flows; (ii) to show that it holds in the presence of any additional control parameter F representative of an external force likely to damp turbulent motion; (iii) to track the fate and fine-scale structure of laminar-turbulent patterns at higher Re. The range of R where patterns can be observed is highly dependent on F and can thus be denoted [R g (F) : R t (F)]. Equivalently, for a given value of the governing parameter R, patterns are sustained within a range [F t (R) : F g (R)]. The force F can alternatively be seen as a way to control turbulence in applications where strong unsteadiness is considered as undesirable. This idea is supported by the recent experiments by Tsukahara, Tillmark & Alfredsson (2010) , which revealed that turbulent-laminar bands can arise in rotating plane Couette flow up to at least Re ≈ 950 when the rotation is spanwise cyclonic (i.e. the rotation vector is parallel to the vorticity vector of the laminar base flow). In this case the parameter R is simply the Reynolds number Re and F is a measure of the rotation rate (for instance the non-dimensional rotation number Ro). Note that the case of non-exactly counter-rotating Taylor-Couette flow can also be described in a similar fashion, provided that R ∼ |Ω i − Ω o | and F ∼ |Ω i + Ω o |, using the notations of Andereck et al. (1986) .
Alternatively, strong stable stratification in the wall-normal direction is also able to damp turbulence in shear flows and even cause relaminarization (Armenio & Sarkar 2002) . Hence, it is conceivable that coexisting turbulent-laminar patterns can develop in stratified wall flows, at least in a given parameter range. Indeed, recent direct numerical simulation (DNS) by García-Villalba & delÁlamo (2011) of turbulent channel flow up to Re τ = 550 has shown lasting episodes with coexisting laminar and turbulent regions under strong stratification. Numerical observation of such coherent structures requires the computational domain to be large enough, knowing that large temporal fluctuations and/or relaminarization would occur in comparatively smaller domains for the same physical parameters. Indeed, Flores & Riley (2011) observed partial relaminarization in stably stratified open channel flow DNS, but only as a transient phenomenon since their computational domain was limited. It is tempting to speculate that the use of a larger computational domain would reveal stable laminar-turbulent patterns.
Another practical way to damp turbulent production is to apply a uniform magnetic field. In the case of a channel flow with low magnetic Reynolds number, the presence of a spanwise magnetic field reduces the turbulent intensity and can cause relaminarization (Lee & Choi 2001; Boeck, Krasnov & Zienicke 2007) . Krasnov et al. (2008b) noted similarities between channel flow with a spanwise magnetic field and stratified channel flow. Although no stable laminar-turbulent coexistence has been reported so far in simulations of magnetohydrodynamic (MHD) channel flows, it is likely that such a regime can be identified by selecting a relevant orientation of the magnetic field and by choosing a large enough computational domain.
In summary, all those recent studies strongly suggest that stably coexisting turbulent-laminar zones can be found in spatially extended wall-bounded flows at large Reynolds numbers in the presence of a stabilizing mechanism. Because the suggested phenomenology depends on neither the base flow profile nor the damping mechanism, our aim is to investigate this phenomenon quantitatively, using numerical simulation in various flow configurations. A general question of interest is the range of parameters over which this laminar-turbulent coexistence can persist, and if the resulting flow structure is modified at high values of the Reynolds number. Here we adopt the DNS approach, taking advantage of parallel processing techniques to tackle the large computational domains required for the identification of large-scale patterns.
The cost of such simulations remains currently extremely high, which prevents one from sweeping through all the possible parameters yet allows one to identify the most relevant features of the flow. Because we are interested in determining general features of subcritical flows rather than one particular flow case, we have deliberately chosen to focus on three different flow types, plane Couette flow, plane channel flow and open channel flow, under three different types of external stabilizing forces: magnetic field, global system rotation and stable density stratification. The associated shear flows are sketched in figure 1. We will investigate in detail only the following three combinations in connection with the currently available literature: (i) plane Couette flow with spanwise cyclonic rotation, as in Tsukahara et al. (2010) , (ii) plane channel flow in the low magnetic Reynolds number approximation, as in Lee & Choi (2001) but with an emphasis on larger computational domains, (iii) open channel flow with stable density stratification, similar to the full channel flow considered by García-Villalba & delÁlamo (2011) .
The paper is organized as follows. In § 2.1 we recall the employed numerical technique and give references for the various mathematical formulations used. In § 2.2 we explain the computational strategy to identify the relevant parameters for sustained laminar-turbulent patterns and in § 2.3 we discuss the spatial resolution. The results for the rotating plane Couette flow are presented in § 3 while the results for the two channel flow types are given in § 4.1 (stratified open channel flow) and § 4.2 (MHD channel flow). Section 5 is devoted to the spectral analysis of the scale separation as R is varied throughout the parameter range of patterns, while § 6 discusses the three-dimensional structure of the mean flow. All results are summarized and discussed in the concluding § 7.
Numerical approach
2.1. Governing equations and numerical algorithm We consider an incompressible flow governed by the Navier-Stokes equations. In primitive variables formulation, the non-dimensional equations read
where p is the pressure field, u is the velocity field and F is an external force which can be added to damp turbulent fluctuations. The coordinates and domain dimensions are from now on made dimensionless with h, where h represents the half-gap width for plane Couette and full channel flow, and the layer height for open channel flow. For purely shear-driven flows, F = 0. As in § 1, R in (2.1) stands for the Reynolds number relevant to the flow case considered and need not be specified at this point.
The spatial discretization of all fields in (2.1) relies on a spectral method, based on a Fourier expansion with periodic boundary conditions in both streamwise (x) and spanwise (z) directions and Chebyshev polynomials in the wall-normal direction (y) (Chevalier et al. 2007) . De-aliasing with the 3/2 rule is used in the Fourier directions, increasing the number of collocation points in physical space by a factor of 3/2 in each of the directions. Time advancement is achieved by a combined third-order Runge-Kutta/Crank-Nicolson algorithm. The simulation code is parallelized using a message-passing interface (MPI), allowing large-scale DNS with O(1000) processors (Li, Schlatter & Henningson 2008) .
Rotating plane Couette flow
For the simulation of plane Couette flow, the Reynolds number is defined as Re = U w h/ν, with ±U w the velocity of each wall, h the half-gap and ν the kinematic viscosity of the fluid. The setup is identical to that used by Duguet et al. (2010) , for example, with the addition of a Coriolis force F = +Ro(u × e z ) due to system rotation about the spanwise direction. Here e z is the spanwise unit vector and Ro is the rotation number Ro = 2Ωh/U w , as defined in Tsukahara et al. (2010) , for example. Ro is the inverse of a Rossby number. No-slip conditions u = 0 are imposed at both walls (y = ±1). Identification with the parameters R and F mentioned in the Introduction is possible via the choice R = Re and F = −Ro.
Stratified open channel flow
Open channel flow refers to the flow between a solid wall and a non-deformable free surface (see e.g. Komori et al. 1983) . The corresponding boundary conditions for the velocity are no-slip at the bottom wall (y = 0) and free-slip and no penetration at the free surface (y = 1). Note that open channel flow is equivalent to a y-symmetrized plane Poiseuille flow. As in classical channel flow, the flow can be driven by a fixed pressure gradient, effectively setting the value of Re τ = u τ h/ν, with h the gap between the bottom wall and free surface. Alternatively, it is possible to keep constant the total mass flux through the channel, thus fixing the value of the bulk Reynolds number Re b = U b h/ν with U b the bulk velocity.
In the case of stratified open channel flow, we consider a gravity field which is assumed normal to the wall and pointing towards negative y. The density deviation ρ from the reference density ρ 0 can be split into
where ρ * is the plane-averaged density and ρ is the density fluctuation. All quantities are here made non-dimensional with ρ 0 . We furthermore assume that the evolution equations for the velocity and the density rely on the Boussinesq approximation. The damping force is then the buoyancy force, which reads F = −Ri τ ρ e y , where Ri τ = ρgh/ 2ρ o u the y-direction. The density obeys a scalar evolution equation
where Pr is the Prandtl number. Homogeneous densities (equivalent to homogeneous temperatures) are imposed at the solid boundary (ρ = ρ b ) and at the free surface (ρ = ρ h < ρ b ), resulting in a stable stratification. Identification with the parameter R mentioned in § 1 is possible via the choice R = Re τ = u τ h/ν, where h is the half-gap, while identification with the parameter F is possible via the choice F = Ri τ . The Prandtl number Pr = ν/κ is 0.71, adequate when the buoyant fluid is air. The scalar transport equation is discretized and solved in a manner similar to the velocity components ).
Magnetohydrodynamic channel flow
In the MHD simulations the governing equations are based on a quasi-static approximation, assuming low magnetic Reynolds number and thus neglecting the induced magnetic field. The electric current is then given by Ohm's law,
where σ is the electrical conductivity, Φ the electric potential, E the electric field (E = −∇Φ) and B 0 a constant applied magnetic field. The equations for the velocity of an electrically conducting incompressible fluid are similar to (2.1) with the additional external Lorentz force F = N (j × B 0 ). The instantaneous electrical potential is linked to the velocity through a Poisson equation,
as a consequence of ∇ · j = 0, and is obtained by taking the divergence of (2.5).
Here ω = ∇ × u stands for the vorticity field, and we have defined φ = Φh/(UB), b 0 = B 0 /B and j = J/(σ UB), using characteristic scales B for the magnetic field, U for the velocity and h for lengths. The common choice B = |B 0 | has been adopted for the characteristic magnetic field so that b 0 is a unit vector in the direction of the magnetic field. Meanwhile U is chosen as the bulk velocity U b and h is the half-gap between the channel walls. The Stuart number N = σ B 2 h/ρU b is the ratio of the electromagnetic force to the inertial force, and it is related to the Hartmann number via Ha = √ Re N . The walls of the channel at y = ±1 are assumed to be non-conducting. Therefore, the boundary conditions for the current density and the electrical potential are
where j y is the wall-normal component of the current density. For the velocity no-slip conditions are prescribed. This mathematical formulation is identical to the one used by Lee & Choi (2001) . Several orientations of the magnetic field have been considered, each one parallel to either of the three directions x, y and z. We adopt the notation N i (i = x, y, z) depending on whether b 0 is aligned with the x-, y-or z-direction, respectively.
Identification with the parameters R and F mentioned in the Introduction is possible via R = Re τ = u τ h/ν (though R = Re b = U b h/ν would be another obvious choice) and F = N i . The streamwise and spanwise domain sizes L x and L z are chosen sufficiently large to capture the large-scale turbulent-laminar patterns correctly: in standard non-rotating plane Couette and channel flows the pattern dimensions are approximately 50 and 20, respectively (Tsukahara et al. 2005; Barkley & Tuckerman 2007) . A constant pressure gradient is driving the flow in cases S80 and S113, whereas in the other open channel and plane Poiseuille flow simulations the mass flux is kept constant. When the computational domain is sufficiently large this choice makes little difference.
Turbulent-laminar coexistence in wall flows
All direct numerical simulations were initiated by coarse-resolution simulations of fully turbulent flows without any turbulence-damping mechanism. Then, the resolution was continuously refined and either N i , Ro or Ri was increased in magnitude until turbulent-laminar patterns emerged. This strategy is illustrated in figure 2(a,b) for the case of rotating plane Couette flow at Re = 750, where the evolution of the turbulent fraction and of the friction Reynolds number Re τ at equilibrium are plotted versus the value of the damping parameter Ro. The direct numerical simulations were run for a sufficiently long time to reach an equilibrium state at the finest resolution (typically of order O(10 3 ) in terms of h/U w or h/U b when R is sufficiently far above R g ) characterized by steady mean flow statistics and visible sustained turbulent-laminar regions. However, even in such a quasi-stationary state the turbulent-laminar patterns can display spatio-temporal intermittency if R is close to R t . Note that this numerical procedure, initially inspired by Prigent's experiments, is similar to that of Barkley & Tuckerman (2005) and Philip & Manneville (2011) . Duguet et al. (2010) used a different procedure and triggered a disordered array of turbulent spots by relaxing a strongly noisy initial condition. These spots are observed to grow for R R g , then merge and form patterns. The strategy adopted here is expected to eventually lead to the same statistical equilibrium. are the streamwise and spanwise resolution, respectively, in terms of wall units. 
. Cases S80 and S113 are driven by a constant pressure gradient, whereas cases S192 and S334 assume constant mass flux.
Although the computational domains can be considered large compared to many classical shear flow direct numerical simulations, it is important to recall at this point that the dynamics as well as the dimensions of the resulting patterns can still be influenced by their size. For instance, provided the domain is large enough to accommodate only one turbulent stripe, its angle θ with respect to the streamwise direction is dictated by the aspect ratio of the box via the trigonometric relation tan θ = L z /L x . In that particular case the wavelengths Λ x and Λ z for the patterns correspond directly to the domain dimensions L x and L z . This correspondence can degenerate if several admissible distinct values of θ are commensurate to the box dimensions, as in the case of very large periodic domains (see Duguet et al. 2010) , where the observed patterns can appear less regular. We are, however, confident that, by adopting large yet moderate dimensions L x and L z , the wavelengths Λ x and Λ z observed numerically in the patterning regime reflect the mechanisms for the wavelength selection within the correct order of magnitude. When necessary, simulations with the same physical parameters have also been performed in much smaller boxes, shedding light on the influence of finite-size effects.
All numerical and physical parameters, as well as the reference name for each simulation, are listed in tables 1-3.
Spatial resolution
The spectral resolutions used in all simulations are also listed in tables 1-3. The streamwise and spanwise grid spacings in terms of Fourier modes x + and z + respectively, are scaled with viscous wall units based on the plane-averaged wall-shear stress. Resolution requirements are naturally more stringent in turbulent zones when turbulent-laminar patterns are present in the flow. Accordingly, the wall-shear stress is not uniform but noticeably larger in the turbulent zones. An analysis shows that the friction velocity there is ∼10% larger than the one based on the plane-averaged wall-shear stress, implying that grid spacings in terms of wall units are approximately 10 % larger in the turbulent zones than the ones listed in the tables. Even when this is taken into account, the grid spacing in terms of wall units in our simulations is similar to or better than classical direct numerical simulations of fully turbulent channel flow, for instance compared to the reference simulations of delÁlamo & Jiménez (2003, 2009) . Energy spectra for the streamwise velocity in a plane close to the wall are reported in figure 3 for the high-Reynolds number cases R20000 and Mzh. The spanwise energy spectrum extends over at least four decades, indicating a clearly sufficient resolution. As a decisive test we have verified our results by simulating seven of the cases with a coarser spatial resolution. In all cases oblique patterns were identified for both resolutions for the same parameters. The case R750 is the only one where the observed pattern showed a qualitative difference in topology compared to the case when the grid was 37.5 % coarser. In all other cases no significant differences were observed between the fine and coarser grid simulations. We can therefore be confident that the presented results are robust.
3. Turbulent-laminar patterns in plane Couette flow with spanwise cyclonic rotation 3.
Evidence for patterning
The effect of a spanwise solid-body rotation on a shear flow was studied by a number of authors, including Lesieur, Yanase & Métais (1991) and Tsukahara et al. (2010) for an experimental investigation of rotating plane Couette flow. Note that the analytical expression of the laminar base flow is not modified by spanwise rotation. Cyclonic rotating plane Couette flow is linearly stable for all Re (Lezius & Johnston 1976) as in the non-rotating case (see e.g. Drazin & Reid 1981) . Moreover, cyclonic rotation stabilizes turbulent flows and delays effective transition to larger values of Re (Komminaho, Lundbladh & Johansson 1996) . It is therefore expected that the parameter range of the pattern regime would also shift upwards in the Re-range. For a given Ro there is actually a range of Re (and vice versa) where turbulent and laminar flow stably coexist, although the turbulent fraction at equilibrium as well as the wavelength of the patterns are observed to change when one of the parameters is varied. Very similar observations were made by , Barkley & Tuckerman (2005) and Duguet et al. (2010) in the absence of rotation. Here the general trend observed during transient simulations is that the rotation rate has to be increased (involving a stronger damping of the turbulence) in order for the patterns to be observed at larger values of Re, as shown in figure 5(a) . To what extent Re could be further increased while still keeping laminar-turbulent patterns cannot be answered without further (numerically costly) investigations. However, the present results clearly show that patterns can form at higher Re than considered in previous investigations.
Direct comparison with the very complete bifurcation diagram of Tsukahara et al. (2010) is helpful, although their data, replotted here in figure 5 in terms of Ro and Re, are limited to Re 950. As in the study of Barkley & Tuckerman (2007) for the non-rotating case, here for each value of Ro four regimes are identified: fully laminar flow, robust patterns, patterns with intermittent dynamics and fully turbulent flow. The parameters at which we have identified robust patterns match the experimental diagram well, despite a small discrepancy at Ro = 0 and Ro = −0.02 where we and others observed robust banded patterns but Tsukahara et al. (2010) did not. Small differences might be due to other domain size and boundary conditions. Straightforward extrapolation of the experimental curve for Re g (or equivalently Ro g ) suggests that the same pattern could be continued up to much larger values of Ro before the flow eventually relaminarizes.
To demonstrate whether for a given value of Re there is a range of Ro where turbulent-laminar flows can stably coexist, we have carried out a series of direct numerical simulations of rotating Couette flow with the same domain size and Reynolds number as R750 but varying Ro. table 1 ). Note that for each case the whole computational domain is plotted with correct aspect ratio. The streamwise extent shown is thus L x = 250 for R350, R750 and R6000, and L x = 25.1 for R20000. The horizontal black line in the plot for R20000 (d) has a length of 1000 viscous wall-units. (x, z)-plane. The turbulent fraction is then integrated over the wall-normal direction, although it varies only slightly with y. Duguet et al. (2010) based the turbulent fraction on the local turbulent production and evaluated it only at mid-plane, but the principle is the same.
The results show that the turbulent fraction gradually declines for −0.08 Ro −0.014 to a minimum value of ∼0.2. When Ro −0.0125 and Ro −0.09 the flow is fully turbulent and laminar, respectively. At this fixed Reynolds number there is thus a wide range of Ro where turbulent and laminar regions stably coexist. The transition from fully turbulent to partly turbulent flow that we observed for −0.0125 > Ro > −0.014 coincides very well with the change from featureless to intermittent turbulence as determined by Tsukahara et al. (2010) , which is marked in figure 2(a). The transition from a robust pattern regime to fully laminar flow was not determined by Tsukahara et al. (2010) at this Reynolds number. Re τ shows a similar monotonic decline with increased rotation rates until Ro = −0.09, when the flow becomes fully laminar.
We also performed a DNS with the same value of Re = 750 and the same local spatial resolution as in R750, but a smaller computation domain with L x = 10π and L z = 4π (corresponding to ∼1.3 % of the volume of R750). Our goal with this smaller DNS was to vary Ro in order to quantify whether the turbulence collapse depends on the domain size. Some of the results are displayed in figure 5(b). The turbulent flow is statistically steady at small Ro, but close to complete relaminarization it is highly unsteady with large temporal oscillations of the turbulent kinetic energy and other turbulent quantities. It becomes fully laminar for Ro −0.019, while in the large domain the flow is still fully or partly turbulent for Ro −0.08. Again as suggested in Philip & Manneville (2011) , this indicates the need to consider large computational domains to accurately reveal the bifurcation diagram, both qualitatively and quantitatively.
Low-Re and high-Re regimes
Our investigation has shown evidence for two qualitatively different pattern regimes according to the value of Re. We begin our discussion with the low-Re regime. The case R350 corresponds to a non-rotating case. The oblique banded pattern strongly resembles the patterns with a wavelength of 100h to 140h found in the simulations by Duguet et al. (2010) and Philip & Manneville (2011) . Now choosing Re = 750 and adding cyclonic rotation, a stable oblique laminar-turbulent pattern is found for instance for Ro = −0.02 (case R750). The pattern is similar to that found in R350 but the turbulent scales are now smaller due to the higher value of Re τ . A time series of the absolute wall-normal velocity along a streamwise line in R750 (figure 6a) shows steady patterns, so that the laminar-turbulent coexistence can safely be reported as being robust in time. In the special case of plane Couette flow, mean advection is zero and the pattern in the case R750 accordingly has a zero mean convection velocity, i.e. it is statistically steady (see figure 6a) . The simulations at Re = 6000 and 20 000 (R6000 and R20000) confirm the qualitative observations of R750 in the near-wall region (see figure 4 for y + = 15). Visualization of both cases R6000 and R20000 suggests, however, that the pattern wavelength becomes smaller with Re.
Additional visualizations of the velocity fields, now in an (x, y)-plane, are shown in figure 7 , where the instantaneous wall-normal velocity fluctuations are represented in absolute value. The turbulent-laminar patterns unambiguously extend from one wall to the other in both cases R350 and R750 ( figure 7a,b) . This is further confirmed by the squared amplitude of the large-scale Fourier mode associated with the pattern (figure 8a), which is small only near the wall but dominant everywhere else. By contrast, at higher Re (both cases R6000s and R20000) the laminar patterns are only found near the wall while the centre region of the flow shows no dominance by any large-scale mode and looks uniformly turbulent, as can be seen in the corresponding figure 7(c,d) . In the visualization of the streamwise velocity of R6000s at y/h = 0.5 (figure 9b), there are no apparent laminar regions and the imprint of the near-wall turbulent-laminar patterns is hardly visible. The near-wall confinement of the patterns is also evident when plotting as a function of y the squared amplitude of the largescale Fourier modes associated with the pattern (figure 8b) for the cases R6000s and R20000. Clearly, the signature of these modes is evident only near the wall; moreover, the profiles indicate that the near-wall patterns become thinner at higher Re. Note that a situation where the turbulent-laminar patterns are confined to the near-wall region was never observed in R350 and R750, even at other rotation numbers. Both visualizations of the case R6000s (figure 9a,c) and the amplitude of Fourier modes (figure 8) show that the near-wall stripes have a different orientation at either wall. Time series of the absolute wall-normal velocity along two streamwise lines, one near the top wall and another near the bottom wall, are shown in figure 6(b,c) , respectively, for the case R6000s. They reveal that the patterns are no longer steady but propagate in the same direction as the nearest wall, with a speed of ∼0.3U w . These observations suggest that the patterns at the opposite channel side are uncorrelated or at most that the correlation is quantitatively weak. It is clear that situations with two stripes on opposite walls having the same orientation are statistically as probable as the situation where the orientations are opposite. This is, for instance, true in our simulation of the case R20000, at least over the time interval of investigation. We deduce from this relatively small set of simulations the existence of two distinct regimes of patterns. For sufficiently low Re, patterns extend from one wall to the next one, while for large Re similar patterns are found in the vicinity of the walls only and are uncorrelated, allowing for different (statistically equivalent) orientations. The existence of a bifurcation from the low-Re regime to the high-Re regime can be qualitatively justified in the following way: as Re increases, the turbulent mean flow profile becomes more linear in the centre of the channel, and two separate boundary layers form close to each wall as shown in figure 10 , where the main shear is locally higher than in the bulk. Thus, at large Re, once −Ro is large enough to induce local relaminarization, laminar-turbulent patterns form only within the boundary layers. This change in topology has several implications on the size and dynamics of the resulting patterns. Firstly, the patterns are known to travel with the mean bulk velocity of the region where shear supports them (Prigent et al. 2002) . At low Re, patterns occupy the wall-to-wall region where the total flow rate is zero, they are thus steady in the laboratory frame. In contrast, at high Re the patterns are restricted to thinner boundary layers where the mean velocity varies with y + but keeps the same sign as the nearest wall. As a consequence, a near-wall structure now travels in the direction of the nearest wall, with a velocity of the same order of magnitude, e.g. about 0.3U w in case R6000s. Another potential implication of the wall-normal localization of the patterns is that their in-plane wavelengths scale with the local boundary layer thickness instead of the full channel gap width. This might explain the smaller wavelengths observed in the cases R6000 and R20000 compared to their lower-Re counterparts. More work is needed to establish the nature of the bifurcation occurring between these two regimes. The range of values of (Re, Ro) over which this bifurcation takes place is so far unclear and is most probably characterized by strong intermittency. For instance, another intermediate case R2000 (not shown) was simulated for Re = 2000 and Ro = −0.048. It also displays laminar and turbulent regions, but without any clear wavelength selection: the patterns continuously change on a very slow time scale, making the claims for robustness more intricate.
Turbulent-laminar coexistence in channel flow
We now describe the appearance of laminar-turbulent patterns in channel flows. In this case, as in Tsukahara et al. (2005) , the control parameter is R = Re τ . We consider successively the case of open channel flow with stable density stratification, and channel flow in the presence of a magnetic field with various possible orientations.
Stably stratified open channel flow
Unsurprisingly, turbulent-laminar patterns can also be found in direct numerical simulations of open channel flow: see figure 11 . In S80 (without stratification) arrays of turbulent spots emerge, though the large-scale structure of the flow is less regular than in R350 which featured unambiguous diagonal bands (figure 4a). As for rotating Couette flow, in order to observe such patterns at larger values of Re τ we need to provide a damping mechanism for the turbulent fluctuations, in this case through stronger density stratification, implying larger values of Ri τ : see figure 12 . Now taking stratification into account, again both turbulent and laminar regions can persist under an appropriate increase of Re τ . Their shape is more irregular in S80, S113 and S334 than in S192, but we can nonetheless visually identify some inclined band-like structures. Because of the relative patchiness of the turbulent regions it is difficult to estimate their spatial extent accurately, but in the streamwise direction the size of a turbulent band is about 10h or longer and seemingly quite independent of Re τ . The values of Re τ chosen for S80, S113 and S334 are possibly closer to the threshold R t than in the previous cases, thus favouring spatio-temporal intermittency, which renders an unambiguous identification of a robust pattern more difficult. This hypothesis can actually be confirmed by scrutinizing the temporal dynamics of the pattern under investigation: a spatio-temporal diagram of the absolute wall-normal velocity along a streamwise line in S113 (not shown) shows persistence of the patterns on the smalltime scales but rather erratic behaviour involving merging and splitting of parallel bands, as in the intermittent regime of Tuckerman & Barkley (2011) . It could also be that gravity waves influence the pattern formation in S334 and perhaps inhibit the formation of clear large-scale banded structures, since gravity waves are known to exist in strongly stratified channel flows (Armenio & Sarkar 2002) . In cases S113 and S192 the patterns extend from the bottom wall to the free surface, as shown in figure 13(a,b) . Case S334 is more ambiguous as turbulent fluctuations seem more in evidence in the bulk than in the two previous stratified cases. We can thus not exclude a near-wall localization of the laminar regions similar to our observations of cases R6000 and R20000, though it seems that higher values of Re τ are needed compared to the Couette flow cases. It is plausible that our choice of stress-free conditions at the free surface affects the near-wall localization process in open channel flow.
We now examine how transition from partly turbulent to fully laminar flow is influenced by the dimensions of the computational domain, by performing direct numerical simulations of stratified open channel flow in a smaller domain with L x = 4π and L z = 2π. Two DNS series with varying Ri τ were carried out: one with the same constant flow rate and the other with a constant pressure gradient yielding the same value of Re τ as in S192, while in both series the numerical resolution was the same as in S192. The results are included in figure 12 . The stratification was increased in small steps and the simulations were performed over an observation time of O(1000h/U b ) and longer in order to ensure that the (partly) turbulent state is indeed an asymptotic state. In the DNS with constant flow rate patterns can be achieved with Ri τ up to 251, close to the value of Ri τ = 273 in S192, before the flow becomes fully laminar. However, beyond Ri τ 150 the flow is highly FIGURE 13. Instantaneous |v| (absolute value of the wall-normal velocity) in an (x, y)-plane in (a) S113, (b) S192 and (c) S334. A dark colour means a large |v|. The complete domain is shown and the vertical y-axes are stretched. flow in relatively small computational domains. Such large temporal fluctuations are absent from S192, replaced instead by large spatial modulations, i.e. patterns. On the other hand, DNS with a constant pressure gradient already fully relaminarizes at a G. Brethouwer, Y. Duguet and P. Schlatter considerably lower Ri τ of ∼120. The case at hand suggests that imposing a constant flow rate is more effective at sustaining turbulence than applying a constant pressure gradient in small periodic domains.
G. Brethouwer, Y. Duguet and P. Schlatter

Magnetohydrodynamic channel flow
In this subsection we study the influence of an imposed uniform magnetic field on the damping of turbulent fluctuations in large domains. The numerical investigation by Lee & Choi (2001) in channel flow serves here as a reference in the case of small computational domains. Following their strategy, we have considered several orientations of the magnetic field aligned with the coordinate axes. A wall-normal magnetic field increases the critical Reynolds number of Poiseuille flow (Takashima 1996; Lingwood & Alboussière 1999) , implying that the laminar base flow of case My is linearly stable. The critical Reynolds number of MHD channel flow is unchanged by a spanwise magnetic field since the most unstable, purely spanwise modes are unaffected but the growth of the other modes is reduced (Krasnov et al. 2008a ). The laminar base flow corresponding to both cases Mz and Mzh is thus expected to be supercritically unstable. In the first stage, plane Poiseuille flow is simulated in the absence of magnetic field (N = 0, case M0). Setting the bulk Reynolds number Re b = 933, the flow settles at Re τ = 69 and a regime is identified with a single turbulent stripe stable through the numerical domain, as in Tsukahara et al. In the second stage, a magnetic field was imposed in the direction x, y or z (i.e. either N x , N y or N z non-zero), and we adjusted the value of N i and Re τ until we reached a regime of stable coexistence of the turbulent and laminar phases: see figure 14(b-e) . The range of values of N i and Re τ at which this coexistence is observed depends strongly on the direction of the magnetic field.
An unambiguous near-wall laminar-turbulent pattern forms in cases Mz and Mzh, and also My on a longer time scale. The patterns obtained are directly comparable to M0 yet with enhanced turbulent activity within the active phase and smaller near-wall structures. Note that in Mzh, the computational domain is smaller than in the other cases (it corresponds to the dimensions of plane Couette flow case R20000). Case Mx is less clearly interpretable in terms of large-scale patterns: the flow here is dominated by long streaky structures with sparse signs of streak instabilities inducing localized turbulent motions with no clear spatial periodicity.
It is notable that the case of a wall-normal magnetic field corresponds to a much smaller value of N y for a slightly lesser Re τ , compared to the two other cases. Laminar zones for the cases Mx and Mz are observed for the same value of Re τ = 163 yet the required value for N x is two orders of magnitude larger than that for N z . This indicates the various effects of the magnetic field according to its orientation. It is known that the Lorentz force induced by the presence of a magnetic field in the wall-normal direction directly affects the mean turbulent flow and induces thin Hartmann boundary layers (case My). In the case of a streamwise or spanwise magnetic field (case Mx or Mz and Mzh, respectively), Lorentz forces do not affect the laminar base flow and only interact with velocity fluctuations without dramatically affecting the near-wall region (Lee & Choi 2001) . In addition, Joule dissipation in MHD flows tends to eliminate velocity gradients and elongate vortices and streaks in the direction of the magnetic field (Lee & Choi 2001) . This general behaviour is most clearly seen in Mx, where coherent streamwise vortices produce an ordered array of alternating low-and high-speed streaks spanning the whole domain, with a 
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spanwise spacing of about 3h. At some places between those large regular streaks and vortices instability regions with smaller-scale streaks and turbulence are visible. Most instability regions, apparently caused by the shear layers produced by the streamwise vortices, are elongated in the streamwise direction, while they are well localized in the spanwise direction. When the magnetic field is stronger the small-scale instabilities and the turbulent fluctuations vanish, while the coherent streaks and vortices remain.
A companion DNS to case Mz was performed with the same local spatial resolution and magnetic field but a smaller computational domain of L x = 4π and L z = 2π. Interestingly it was not possible to sustain turbulence for the same values of Re τ and N z , and the flow became fully laminar. This indicates the need to consider large computational domains as long as the emphasis is on a qualitatively valid understanding of the pre-transitional regime. For instance, the boxes (L x , L z ) = (3π, π) and (L x , L z ) = (2π, π) used by Lee & Choi (2001) and Krasnov et al. (2008b) , respectively, are not large enough to accommodate the large scales typical of patterns even when the magnetic field is spanwise-oriented. Boeck et al. (2008) have also investigated numerically the influence of a spanwise magnetic field in two boxes of dimensions (L x , L z ) = (2π, 4π) and (8π, 4π), but at higher values of N z = 0.8 and Re b = 5333, where the laminar base flow is no longer linearly stable but is unstable to spanwise-independent two-dimensional Tollmien-Schlichting waves. In the non-laminar case, this box is again too small to accommodate the modulations corresponding to a large-scale pattern, but the turbulent regime obtained is characterized by turbulent bursts intermittent in time, in an otherwise nearly twodimensional flow. Indeed, in our DNS of MHD channel flow at Re b = 20 000 we observed similar turbulent bursts intermittent in time as Boeck et al. (2008) for N z 0.405 but recovered the pattern regime for N z = 0.32 in Mzh: see figure 14(e). Note that in Mzh the box is (L x , L z ) = (8π, 3π), hence it appears that at higher Re b smaller boxes are sufficient to uncover the pattern regime, as in the rotating plane Couette flow case discussed before.
Although coexistence of both laminar and turbulent zones can be found in all cases, unambiguous oblique laminar-turbulent patterns seem to exist only when the imposed magnetic field is spanwise. Here again two different pattern regimes can be identified according to the value of Re (N z being tuned accordingly). Visualizations show that in cases M0 and Mz the patterns extend from one wall to the other, as seen in figure 15(a) , i.e. the laminar and turbulent stripes have a clear signature in the mid-plane, as in figure 16(a) . Also in My patterns extend to the bulk flow (figure 15b). By contrast, in Mzh the laminar patterns are confined to the near-wall regions only. The core of the channel is fully turbulent with no dominant wavelength; for example, see the wall-normal velocity distribution in an (x, y)-plane in figure 15(c) . At y = 0.5, the flow is uniformly turbulent (figure 16b) and a signature of the near-wall patterns is now hardly noticeable. Similar features with patterns near the wall and a core region with space-filling, featureless turbulence were also observed in the rotating plane Couette flow cases R6000s and R20000 (see figures 7 and 9), suggesting that this might be a common phenomenon at higher Reynolds numbers, at least in the presence of two walls. Figure 15(c) shows intense wall-normal fluctuations near the bottom and top wall in the turbulent zone (at the left and right of the plot) whereas at the position of the laminar zone (in the middle of the plot) the most intense fluctuations are found at a finite distance from the wall.
In case Mzh, the oblique patterns have the same orientation near the top and bottom wall: see figures 14(e) and 16(c), which are snapshots at the opposite channel sides. An additional simulation with the same parameters as the case Mzh yet with a different initial field has shown oblique stripes with opposite orientations at both sides: see figure 16(d,e) . We expect both situations (identical or opposite stripe orientations) to be equally probable, with the underlying idea that the patterns close to both walls are either uncorrelated or only weakly correlated, as in the high-Re regime identified in the rotating Couette flow simulations.
Dominant length scales
5.1. Pattern wavelengths The visual robustness of the near-wall patterns obtained in § § 3 and 4, irrespective of the flow type and the nature of the damping mechanism, suggests a direct comparison between all cases. For a given simulation, the streamwise (respectively spanwise) wavelength Λ x (respectively Λ z ) of the laminar-turbulent patterns are determined from the low-k peaks of the two-dimensional energy spectrum of the streamwise velocity φ uu (k x , k z ) computed in a plane close to the wall, where k x and k z represent the streamwise and spanwise wavenumber, respectively. All the estimated wavelengths are gathered in figure 17 . The present measurements are plotted together with experimental data by in both plane Couette and Taylor-Couette flow, as well as simulations by Tsukahara et al. (2005) in plane channel flow. A similar comparison between various types of shear flows appears in Barkley & Tuckerman (2007) , and we extend it here to flows involving various additional stabilizing forces. Figure 17 thus features information gathered over a much wider range of values of the governing parameter Re.
Note that figure 17 displays only the cases for which visual extraction of the wavelengths is unambiguous. The cases My, S113 and S334, for instance, were deliberately omitted. A note of caution is necessary regarding the wavelengths obtained in DNS, since they are to some extent constrained by the choice of the periodic computational domain and its specific dimensions. Nevertheless, even if the exact values of Λ x and Λ z are subject to debate, their order of magnitude is not, and this is precisely the information we are interested in extracting from our dataset. It is found that Λ x and Λ z in all our direct numerical simulations fall in the range [25, 125] and [9.4, 63], respectively. At low Re, wavelengths Λ x and Λ z are larger in plane Couette and Taylor-Couette flows than in channel flows by a factor of two, a fact also noted by Barkley & Tuckerman (2007) . Importantly, within the (limited) Re-range of investigation, there is no clear dependence of Λ x and Λ z on the value of Re. This suggests that, based on the available data at low Re, a scaling with outer units is more appropriate than with inner wall units. On the other hand, figure 17 does not allow us to draw a firm conclusion on an exact outer scaling either. The wavelengths found in the highest Re cases, R6000, R20000 and Mzh, are shorter than in the other simulations with lower Reynolds numbers, and therefore we cannot rule out a weak dependency of Λ x and Λ z on Re. In § 3.2 we have postulated that this shorter wavelength is a direct consequence of the wall-normal localization of the patterns, suggesting that the scaling of Λ x and Λ z with the outer channel thickness h turns beyond the low-Re → high-Re bifurcation into a scaling with the local turbulent boundary layer thickness.
In their analysis of the mean flow of non-rotating plane Couette flow, Barkley & Tuckerman (2007) have suggested the implicit relation Re sin θ ≈ Λπ between the pattern wavelength Λ (where 1/Λ = 1/Λ 2 x + 1/Λ 2 z ), the Reynolds number Re, and the angle θ between the band and the x-direction. This relation implies that several angles and wavelengths can spatially coexist for a given value of Re; see for instance figure 2(c) in Duguet et al. (2010) . The analysis is based on the mean momentum balance in the case F = 0. While it predicts well the order of magnitude of Λ found in experiments and simulations (Tuckerman & Barkley 2011) , it is not expected to hold for the cases with F = 0, i.e. in the presence of an extra term in the balance equations. Indeed the present data do not suggest any trivial dependence of Λ on Re. For most simulations, the values for the angle θ all fall in the range of about [20
• , 27
• ], precisely as in the absence of any stabilizing force Barkley & Tuckerman 2007; Duguet et al. 2010) . However, for the largest values of Re investigated here (R20000 and Mzh), the ratio Re sin θ/Λπ is found to be much larger than unity, confirming the idea that a bifurcation has taken place, for which the scaling of the wavelengths Λ x and Λ z could play the role of an order parameter.
Scale separation
The independence of the spanwise wavelength of the patterns (Λ z ) and near-wall turbulence structures (λ z ) is corroborated by figure 18 , which shows the spanwise spectra multiplied by k z of the streamwise velocity fluctuations taken from simulations of rotating Couette flow ( figure 18a ) and stratified open channel flow (figure 18b). The spanwise wave length λ + z is here expressed in wall units. The high-frequency peak at λ + z ≈ 100 common to all simulations corresponds, as expected, to the mean spacing between low-and high-speed streaks, i.e. near-wall turbulence structures. It compares very well to the mean streak spacing found in all fully turbulent wall-bounded flows (see for instance Schlatter et al. 2009 ). The spectra shown in figure 18 display in most cases the presence of another strong peak, corresponding to a wavelength several orders of magnitude larger than the wavelength associated with the near-wall structures. Its order of magnitude clearly indicates that this large-scale peak corresponds to the modulations caused by the patterns, i.e. Λ z ≈ 20-60. Note that the x-axes in figure 18 are in logarithmic scale whereas linear scaling has been used in figure 17 . As can be seen in figure 18 , Λ z is not constant when expressed in wall units and appears to increase with Re, whereas figure 17 rather suggests that Λ z is only weakly dependent on Re when plotted in units of h (the results from R6000, R20000 and S334 again deviating from this trend). There is thus evidence for more pronounced scale separation with increasing Re, as far as laminar-turbulent patterns are concerned: near-wall structures scale in inner units while the pattern scaling is closer to an outer-unit scaling. Further simulations at higher Re are needed to examine whether this trend holds for larger Re.
Analysis of mean pattern properties
This subsection is devoted to a more detailed analysis of the present simulations. As noted earlier, the turbulent patterns, if they extend from one wall to the other, are approximately fixed in space for Couette flow owing to its symmetry, whereas they are 
Convection velocity of the patterns
We need to characterize the convection velocity in the case of channel flows, i.e. when the patterns are propagating. For instance, patterns obtained in non-exactly counterrotating Taylor-Couette flow are known to travel at a rotation rate corresponding to the arithmetic mean of the rotation rates of the two cylinders becomes zero in the exact counter-rotating case . Visualizations in the present case indicate that the patterns, when robust, are not dispersive, i.e. their convection velocity is independent of the wall-normal position y. Figure 19 shows the streamwise convection velocity of the turbulence in Mz and S192, computed by using the approach of delÁlamo & Jiménez (2009). First, we use their definition to compute the average phase velocity of each mode, which is based on the time derivative of the Fourier coefficient of the streamwise velocity. Then the mean convection velocity of a range of scales is computed by integrating the average phase velocity of the corresponding modes weighted with their energy as explained by delÁlamo & Jiménez. We applied an isotropic Gaussian low-pass filter in spectral space with a varying width in the homogeneous directions to compute the convection velocity of different ranges of turbulent scales.
Without filtering, the mean convection velocity integrated over all modes is qualitatively similar to fully developed channel flow (delÁlamo & Jiménez 2009 ) and follows the mean streamwise velocity profile further away from the wall. By contrast, when keeping only the large scales of the order of the size of the turbulent bands, the convection velocity is found to be essentially independent of the wall-normal position. We can assume that the filtered estimation corresponds to the convection velocity of the turbulent bands, since they are expected to travel with uniform speed. According to figure 19 this convection velocity is approximately 0.92U b in Mz, 0.80U b in S192 and 0.98U b in M0 (not shown). Those velocities are similar to the convection velocities of the large-scale turbulent structures in the near-wall region of channel flow estimated by delÁlamo & Jiménez (2009) . Note that they are always smaller than the bulk velocity, a property also shared with turbulent puffs in pipe flow (Wygnanski & Champagne 1973) . The turbulent bands thus move faster than the mean flow near the wall and slower further away from it. Fluid particles near the wall will then travel through the pattern upstream relative to it, while fluid particles in the centre of the channel will travel through the pattern downstream relative to it. This obviously induces some ambiguities when defining the leading and trailing edge of a turbulent band, as these two swap at some finite distance from the wall.
Mean flow variations
We now describe the three-dimensional structure of the mean flow using cuts through the patterns. Figure 20 shows the streamwise variation of the skin friction coefficient,
, where U c (x) is the centreline mean velocity, and the rootmean-square of the wall-normal velocity fluctuations (v rms ) in Mz, and c f as well as the mean buoyancy flux −κ∂ ρ /∂y at the wall in S192. To compute time-and space-averaged statistics we fixed the position of the patterns by compensating for their downstream convection using the previously determined convection velocity, and assumed the flow to be homogeneous along the diagonal, in the spirit of Barkley & Tuckerman (2007) . In this case, when the patterns move from left to right, the leading edge of the turbulent band is at the right side close to the wall and left side in the core region, since the bands travel faster than the flow near the wall and slower than the mean flow further away, as explained before. Wall-normal velocity fluctuations vanish almost completely in the laminar core regions as seen in figure 20 . Together with the skin friction, they rise sharply past the leading edge of the turbulent bands near the wall. They then decay gradually as the trailing edge is approached. Analogous observations were made by Dong & Zheng (2011) from numerical observations of Taylor-Couette flow. The v rms -profiles at increasing distance from the wall indicate that the bands are tilted rightward with respect to the wall-normal direction. This inclination follows the mean shear acting on the bands. In S192, c f also varies by a factor of two along the wall, in phase with the wall buoyancy flux. Furthermore, we observe in both cases that the skin friction in the laminar regions is considerably higher than that in a fully laminar flow at the same Re b . To further study the characteristics of the patterns, we focus on the example of S192, except when indicated otherwise. Figure 21 shows the mean streamwise velocity profile in S192 at two locations, together with the corresponding profile for a nonstratified, fully turbulent open channel flow, for the same value of Re τ . As discussed earlier, the position of the patterns is fixed by subtracting their downstream convection velocity, and we assume the flow to be homogeneous along the diagonal to compute averaged quantities. The two locations chosen here, x = 27.5 and x = 45, correspond to the respective maximum and minimum of the skin friction (figure 20b), i.e. the turbulent and the laminar part of the flow. Mean profiles are obviously different at the two locations, with steeper gradients near the wall in the turbulent part of the flow reflecting higher wall friction. The mean velocity profile in the core of the laminar part clearly deviates from the purely parabolic Poiseuille profile. Barkley & Tuckerman (2007) observed a similar phenomenon in non-rotating plane Couette flow, i.e. in the 'laminar' part the mean flow still deviates from the linear Couette profile even though Reynolds stresses vanish there.
The flow in S192 is further examined by plotting contour levels of the mean velocity and turbulent quantities in (x, y)-planes. As before, we have computed conditional mean statistics by fixing the pattern positions and assuming homogeneity along the diagonal aligned with the stripes. Figure 22(a) shows the mean streamwise velocity deviation from the (x, z)-plane-averaged velocity. This deviation is approximately 0.08U b and is strongest near the wall. At some positions the mean flow accelerates near the wall and decelerates further away from the wall, implying ∂U/∂x = 0, which implies ∂V/∂y + ∂W/∂z = 0, i.e. gradients in the mean wall-normal and spanwise velocity. Since the wall-normal velocity is restricted by the no-slip boundary conditions at the wall and is thus negligible, we have O(∂V/∂y) O(∂W/∂z), hence the mean velocity must have a significant non-zero spanwise component W. This is confirmed by figure 22(b) displaying large regions with negative spanwise velocity near the wall and regions with a positive spanwise velocity, with a maximum We note here that Mz shows very similar features as observed for the stratified case as shown in figure 22 . This suggests that the basic properties of the pattern are indeed robust and -once a pattern has developed -independent of the nature of the damping force F. It is also interesting to analyse the structure of the pattern with respect to the local stability criterion predicting whether the flow locally might exhibit an instability leading to turbulence. Figure 23(b) shows the profile of the gradient Richardson number Ri grad = N 2 /S 2 , where N = √ −(g/ρ 0 )∂ρ/∂z is the Brunt-Väisälä frequency and S the mean shear rate, at the same streamwise locations as figure 23(a) . Following the inviscid stability analysis of Miles (1961) , Ri grad 0.25 is a sufficient condition for the linear stability of a stratified shear flow. Close to the wall Ri grad is smaller, owing to the intense shear, whereas it becomes larger closer to the free surface, where the mean shear declines and the mean density gradient steepens. Between these two regions, all Ri grad -profiles display a plateau. At the location of the turbulent bands (x = 17.5, 27.5), where P + − ε + is positive, and at the front of the band (x = 37.5) this flat plateau is below the stability limit of 0.25, while in the laminar parts of the flow (x = 7.5 and 47.5) it is slightly above it. These results strongly suggest that the spatial organization of the turbulent and laminar regions can be predicted from the local values of Ri grad . Flores & Riley (2011) suggest from their data that the collapse of turbulence in stratified channel flow is governed by a Reynolds number based on u τ and the Obukhov length, but we could not clearly corroborate this result.
Secondary flow
We now return to the study of the large-scale mean flow structure, for the three flow cases R, M or S. Conditional mean flow patterns in the (x, z)-plane are shown in figure 24 for R750, Mz and S192, at two distinct distances from the wall. Local mean velocities in R750 are obtained by simply applying a spatial Gaussian filter, whereas for Mz and S192 the full procedure was already discussed earlier, in relation to figure 22. Going through laminar and turbulent regions in R750, both streamwise and spanwise velocities are subject to important spatial modulations. Barkley & Tuckerman (2007) found in their simulation of a non-rotating plane Couette flow that the mean flow into a turbulent band is mostly in the streamwise direction, whereas the mean flow out of a turbulent band is nearly perpendicular to the laminar-turbulent interface. The same conclusion holds for the mean flow in R750 at y = 0.27 (figure 24b), as well as for Mz and S192 (figure 24d,f, when the drift velocity is subtracted). However, the clear meandering of the bands in the (x, z)-plane in the present case affects the mean flow pattern. In a plane closer to the wall (figure 24a), streamwise velocities are much larger, thus making velocity changes less noticeable; however, when subtracting Robertson & Johnson (1970) and Dean (1978) .
the (x, z)-averaged streamwise velocity, the large-scale features of the pattern appear identical in either plane.
In figure 24 (c-f ) the streamwise convection speed of the bands has been subtracted, thus the figures show the mean flow relative to the moving patterns. Since near the wall the patterns move faster than the mean flow and vice versa further away, the relative flow is from right to left in figure 24(c,e) and vice versa in (d,f ). We observe in all cases a trend similar to that of R750: a mean flow into the turbulent bands being more along the laminar-turbulent interface and an outflow being more normal to the laminar-turbulent interface. The mean streamwise flow appears to decelerate inside the turbulent bands, which leads to a larger spanwise outflow component.
Conclusions
Previous numerical and experimental investigations have shown evidence for robust oblique turbulent-laminar patterns in Taylor-Couette flow, plane Couette flow and channel flow without external forces at the onset of subcritical transition. In this study, we show by numerical simulations that such oblique patterns can also exist in plane Couette flow with cyclonic rotation, MHD channel flow with a spanwise or wall-normal magnetic field and stably stratified open channel flow. Since Coriolis, Lorentz and buoyancy forces have a stabilizing influence on such flows, both the onset transition and the appearance of oblique turbulent-laminar patterns is delayed to larger Reynolds numbers Re. Figure 25 suggests that the patterns can also be found at (friction) Reynolds numbers beyond those considered in our study. It also indicates that for a certain Re b there is a universal Re τ where patterns can be found for a certain flow, independent of the nature of the damping force. With increasing Re, a stronger damping force is needed in all cases to reach the regime with patterns. The dimensions of the patterns are directly comparable to their non-stabilized counterparts G. Brethouwer, Y. Duguet and P. Schlatter in plane Couette and channel flow, with a tendency to shrink with increasing Re, while the near-wall turbulence continues to scale with viscous wall units as in fully turbulent shear flows, and thus becomes smaller with increasing Re. This demonstrates a growing scale separation between the (large-scale) patterns and the (small-scale) turbulent fluctuations. It would be interesting to focus on the fate of these coherent structures and their scaling for asymptotically large values of Re. By tracking the oblique patterns in parameter space up to high values of Re (cases Mzh, R6000s and R20000), we found that laminar-turbulent coexistence progressively localized near the wall, while the flow away from the wall is fully turbulent without any dominant large-scale mode. The patterns at opposite channel sides appear to be weakly or not at all correlated. By contrast, in the cases at lower Re the patterns always extend from one wall to the other. Moreover, our simulations demonstrate that the size of the computational domain is crucial for a correct prediction of the transitional regime: for simulations in domains too small to accommodate the large-scale wavelength of the patterns, transition from partly turbulent to fully laminar flows occurs at lower rotation rates and stratifications for a given value of Re.
Turbulent-laminar patterns in wall-bounded flows, accompanied by a significant three-dimensional secondary flow, are thus not restricted to low Reynolds numbers. They can also appear at higher Reynolds numbers under the effect of various stabilizing external forces, as demonstrated here in the case of Coriolis, buoyancy and Lorentz forces. We have focused here on three specific cases but expect the coexistence phenomenon to occur in other wall-bounded flows, possibly less canonical ones. We can speculate that turbulent-laminar patterns would develop in shear flows with polymer additives which are known to damp turbulence (Ptasinski et al. 2003) . Another encouraging example of application is the atmospheric boundary layer which under very stably stratified conditions can become very calm with intermittent bursts of turbulence and meandering motions (Mahrt 1999) . It would be interesting to investigate the role played in that case by the laminar-turbulent patterns for the relevant geophysical parameters, in particular through their coupling with gravity waves.
